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In this paper we calculate, using the relativistic Cowling approximation, the oscillations of compact stars focusing on hybrid stars, with and without a mixed phase in their cores. We study the existence of a possible hadron-quark phase transition in the central regions of neutron stars and the changes it produces on the gravitational modes frequencies emitted by these stars. We pay particular attention to the g-modes, which are extremely important as they could signal the existence of pure quark matter inside neutron stars. Our results show a relationship between the frequency of the g-modes and the constant speed of sound parametrization for the quark matter phase. We also show that the inclusion of colour superconductivity produces an increase on the oscillation frequencies.
We propose that observations of g-modes with frequencies f g between 1 kHz and 1.5 kHz should be interpreted as an evidence of a sharp hadron-quark phase transition in the core of a compact object.
Introduction
The discovery of the 2M pulsars PSR J1614-2230 [1] and PSR J0348-0432 [2] has imposed restrictions to the equation of state (EoS) needed to describe matter inside compact objects [3, 4] . The precise determination of their masses has forced astrophysics to rethink the internal composition of neutron stars (NSs).
Matter in the inner core of NSs is compressed to densities several times higher than the density of an ordinary atomic nuclei. At such densities, atomic nuclei are squeezed so tightly together that a phase transition to a free quark state may occur. To describe matter in the central regions of NSs different hybrid EoSes with exotic matter (considering hyperionic, quark and/or diquark degrees of freedom) have been proposed [5] [6] [7] .
The phase transition that might occur between the inner and outer core of a NS could be described within different scenarios, depending on the value of the hadron-quark surface tension, σ HQ . There are two limiting cases, the Maxwell construction, which assumes that σ HQ is infinitely large and the "bulk" Gibbs construction, which assumes that σ HQ is zero. For intermediate values of σ HQ , the "full" Gibbs formalism must be used [8] . Within this scenario, the detailed geometrical structures that appear in the pasta-phase can be studied and a relationship with σ HQ might be possible to obtain. Due to the uncertainties in the hadronquark surface tension value, the nature of the suggested hadron-quark phase transition is not clear. Theoretical studies suggests that, if the surface tension is grater than a critical value ∼ 5 − 40 MeV, the phase transition is sharp and the Maxwell construction would be favored [9, 10] . Otherwise, a mixed phase exists and the phase transition should be described through the Gibbs construction. There are theoretical results that show, for some EoSes, that larger values of σ HQ shorten the extension of the mixed phase [11, 12] . Despite this fact, a correlation between these quantities is not clear because the results are EoS dependent.
From here on, NSs with pure quark matter in their cores will be referred as quark-hybrid stars to distinguish them from the hybrid stars in which a mixed phase of quark and hadrons is present.
The structure of NSs depends mainly on the EoS used to describe their internal composition. Stationary stellar configurations have been studied since the pioneering works of Tolman and Oppenheimer and Volkoff, in which the fundamental equations of relativistic hydrostatic equilibrium were coined: the TOV equations [13, 14] . Given a particular EoS, these equations allow to obtain the corresponding family of stationary stellar configurations. These theoretical curves could be compared with the observed masses and radii of compact objects to discard those unable to reproduce astronomical observations [15] . Oscillation modes are known to be extremely sensitive to internal composition of compact stars. In particular, the gravity modes are a useful tool to probe the composition of NSs and to test their internal structure. Moreover, they could provide significant information about the nature of the hadron-quark phase transition and the existence (or the absence) of deconfined quark matter in their inner cores [16] [17] [18] [19] .
Several oscillation modes in NSs may emit gravitational waves (GWs). The study of non-radial pulsations of NSs has started at the end of the 60s [20] . Later, further works about GW asteroseismology in NSs have been developed [18] . Following the mode classification introduced by Cowling, the study of stellar oscillation dumped by GW emission (quasi-normal modes) could be used as a tool to shed some light on the nature of matter inside such objects [21] .
After decades of development, LIGO and VIRGO collaborations have detected directly GWs emitted from binary black hole mergers: GW150914 [22] , GW151226 [23] , GW170114 [24] and GW170814 [25] and from a merger of two neutron stars, GW170817 [26] whose electromagnetic counterpart (GRB 170817A) has also been observed [27] . These observations confirm the last prediction of Einstein's General Relativity theory and marks the beginning of a new era in Astronomy: the GW window has been opened.
In this work we will study pulsation modes of compact stars using the relativistic Cowling approximation [28] . We will focus on EoSes for which the stationary family of stars have a maximum mass compatible with the observations of PSR J1614-2230, M = (1.928±0.017)M , and PSR J0348-0432, M = (2.01 ± 0.04)M . We will also pay particular attention to hybrid EoSes with quark matter and their corresponding family of quark-hybrid stars.
The paper is organized as follows. In Section 2 we will briefly present the EoSes used in this work and discuss some of their properties. Section 3 will be mainly devoted to present the relativistic Cowling approximation, its range of applicability and the comparison with other methods to compute stellar oscillations of compact objects. Besides, we will present the numerical method used and the results obtained through the Cowling Frequency Key (CFK) code developed for this work. In Section 4 we will show the main results of the paper. The summary, discussion and the astrophysical implications of these results will be provided in Section 5.
The equations of state
The structure of NSs can be described by three main layers: the crust, the outer core and the inner core. Matter in each of these layers has extremely different characteristics. For this reason, it is usually described using different models. For the crust, which is formed by a crystalline lattice of ions, we use a combination of the Baym-Bethe-Pethick and BaymPethick-Sutherland EoS [29, 30] . To describe matter in the outer core, which is composed of hadronic matter, we use several models that will be described below. The nature of matter in the inner core is not completely understood, but it is suggested that a phase of deconfined quark matter could exist. Thus, to describe the inner core we use different quark EoSes. The hadron-quark phase transition is modeled through two different approaches described in this Section.
Hadronic matter
To describe matter in the outer core of hybrid stars we use the non-linear relativistic mean field theory [31] [32] [33] . Within this theory, it is assumed that interactions between baryons (neutrons, protons, hyperons) and delta resonances are mediated by scalar, σ, vector, ω, and isovector, ρ, mesons fields. The mean-field equations are obtained after replacing the operators of meson fields by their respective ground-state expectation values. The coupling constants for the different types of interactions are given by g σB = x σB g σ , g ωB = x ωB g ω , and g ρB = x ρB g ρ .
We consider x σB = 0.7 and x ωB = x ρB = 1 for the NL3 parametrization [34] . We have also used the DD2 parametrization with density-dependent coupling constants [35, 36] . Finally, a modification of the GM1 parametrization [37] is considered. In this modified EoS, called GM1(L), a density-dependent isovector meson-baryon coupling constant is included. This feature allows to fix (via an extra parameter) the slope of the asymmetry energy at nuclear saturation density [38, 39] .
Quark matter
In this work, we use several EoSes to describe quark matter in the inner core of hybrid stars.
One of the models considered is the SU(3) local NJL (LNJL) model with vector interactions in which the only free parameter is the vector interaction coupling, G v , used to characterize the corresponding EoS [6, 7] . We also use the SU(3) non-local NJL (NLNJL) [7] . One of the main differences between LNJL and NLNJL is the inclusion of a Gaussian form factor in the later, which leads to momentum-dependent constituent quark masses. Like in the local model, vector interactions are included, being the vector coupling constant the free parameter used to characterize the EoS. The sets of parameters used for both the LNJL and NLNJL models are listed in [6, 7] . In addition, we consider a model in which color superconductivity in the 2SC+s phase is included within the LNJL model [39] . This model has three free parameters: the vector coupling constant, η v , the di-quark coupling constant, ηand the effective strange quark mass in vacuum, M 0 s . These parameters are used to characterize the EoS. Finally, we use zero-temperature limit of the Field Correlator Method (FCM) [40] [41] [42] [43] [44] . FCM method is a non-perturbative approach to QCD that has been tested showing good agreement with Lattice-QCD calculations. We will work in the zero temperature limit for this EoS, which is characterized by two free parameters: the gluon condensate, G 2 , and the large distance staticqq potential, V 1 [45] .
Phase transition construction
As we mentioned before, there are two limiting approaches to study the phase transition between hadronic and quark matter: the Maxwell construction, where a sharp first-order phase transition with local charge conservation is considered, or the Gibbs construction, where a mixed phase exists and charge is conserved globally. The nature of the phase transition is related to the value of the surface tension in the hadron-quark interface [9, 46, 47] . In this work we present results using the Maxwell construction. In addition, we simulate the Gibbs construction through a continuous interpolation between the hadronic and quark phases to mimic the mixing or percolation. Following previous ideas, we use an interpolation function, f ± (p), between the hadronic and quark phases given by
where + (-) is used to characterize the function used for pressures greater (smaller) than the transition pressure, p trans , and b is a free parameter that can be interpreted as a mixing length (note that when b → 0 we reproduce the Maxwell construction for the phase transition) [48] [49] [50] [51] [52] . Large values of b correspond to a broader mixed phase, typical for small values of the hadron-quark surface tension, σ HQ . To obtain a quantitative relationship between b and σ HQ , it is required to perform the "full" Gibbs construction for the mixed phase In the left panel of Figure 1 we show a representative sample of the hybrid EoSes used in this work. In each case, results obtained using the three values of the b parameter are shown. In the right panel of Figure 1 we show the mass-radius curves obtained using this group of EoSes. In the case of Maxwell phase transition, the dot represents the first quark-hybrid star of the family with pure quark matter in its core. We remark that for the other two values of b the dot is not present because there are not quark-hybrid stars. The short names used to characterize the different quark EoSes in all the figures in this paper are explained in Tables  1, 2, 3 and 4 where the values of the parameters selected for each case to attain the 2M limit are detailed.
All the calculations regarding the construction of the mixed EoSes and the corresponding stellar structure have been computed using the Neutron-Star-Object Research (NeStOR) code [45] .
The Cowling approximation
The study of relativistic stars oscillations has started with the pioneering work of Thorne and Campolattaro [20] . The perturbation modes can be decomposed in two different families depending on the parity of the spherical harmonics that appear in their respective decomposition: odd (or axial), which produce toroidal deformations, and even, (or polar) which result in spheroidal deformations. The polar modes (to which we are devoted in this paper) are classified according to the most important restoring force acting on a fluid element when it gets displaced from its equilibrium position [53] .
The most important fluid modes related to the emission of GWs are the pressure (p), the fundamental (f ) and the gravity (g) modes. It is known that p-modes have greater frequencies than the g-modes and these families are separated by the f -mode [53] . Within the relativistic Cowling approximation, the purely gravitational modes (w-modes) can not be studied and only the fluid modes presented above can be analyzed. It is important to state that in cold and non-rotating stars the g-modes are excited only when a discontinuous EoS is used to describe the matter inside a compact object [54] .
In the cases in which metric perturbations are negligible, the set of differential equations needed to solve in order to study oscillation modes is greatly simplified. This idea was first applied for Newtonian stars by Cowling [21] and several years after it was extended to the relativistic arena [55] . It is important to remark that in the relativistic Cowling approximation GWs are not emitted, because perturbations to the background metric are not taken into account. For this reason, as there is no damping, the frequencies of the modes are real numbers. To find these frequencies we use the equations presented in [28] 
The functions V (r) and W (r), along with the frequency ω, characterize the Lagrangian perturbation vector associated with the fluid. We solve (3.1) on a fixed background metric from the origin (r ∼ 0), where the solutions behave approximately like
where A is a constant. The other boundary condition that needs to be fulfilled is that the Lagrangian perturbation to the pressure, ∆P , must vanish at the star's surface (r = R). Such condition reads
The previous equations can be generalized to the case in which the EoS has a discontinuity at r = r t . The following additional connection formula must be fulfilled
where the minus (plus) subindex correspond to quantities before (after) the phase transition. [19] . Slight differences are seen only for the p 1 mode at low masses.
It is important to note that for neutron stars with masses above ∼ 1M , the frequencies obtained using the relativistic Cowling approximation differ by 10-30%, for the f -mode, when compared with those based on calculations considering the complete linearized equations of General Relativity [19, [56] [57] [58] [59] [60] . Moreover, it has been shown that the errors decrease when the stellar compactness increases [58] . Thus, for the most massive stars obtained using our EoSes, the errors in the f -mode frequencies are not greater than ∼ 15%. This discrepancy is less than ∼ 10 % for the first p-modes and less than ∼ 5 % for the g-modes [57, 61] . Therefore, the results obtained using this method are both qualitatively and quantitative good approximations for the p and g-modes and only a qualitatively good approximation for the f -modes.
The Numerical Method
In this subsection, we present a brief description of the numerical procedure in the CFK code used to obtain the main results of this work.
The numerical integration of (3.1) with initial conditions (3.2) was performed using a Runge-Kutta-Fehlber (RKF) predictor-corrector integration method [62] . The RKF value of the integration step was chosen in order to have several integration steps between any two layers of the stellar structure.
To solve the boundary conditions (3.3) for continuous EoS we use a Newton-Raphson algorithm coupled with Ridders' method to enhance convergence and avoid numerical instabilities in the equations to solve. In the case of discontinuous EoS, the integration also starts at the center of the star using (3.2) and is performed up to r = r t , where connection equations (3.4) are used to define new initial conditions to continue the numerical integration until the surface of the star, where condition (3.3) is fulfilled using the procedure explained before.
CKF code was developed to calculate the frequencies of a given mode for the complete family of stable stars constructed with a given EoS. An initial seed for the frequency, ω 2 0 , is defined for the star with the lowest mass to find the true frequency which is used as the initial seed for the next model. This is performed until the oscillation frequency for the last stable star of the family is obtained.
To test the CFK code we have reproduced some of the results of Vásquez-Flores and Lugones [19] . As an example, in Figure 2 , we show the frequencies obtained for g, f and p 1 -modes considering hybrid stars constructed with the hadronic GM1 parameterization and a modified bag model for the quark phase with B b = 59.2MeVfm −3 and a 4 = 0.55 [19] . For the external crust we use the classical BPS EoS. The agreement between the results obtained using the CFK code and previous results shows the robustness and reliability of our code.
Results
We have obtained the frequencies of the g, f and p 1 -modes of both quark-hybrid and hybrid stars constructed using the EoSes described in Section 2.
In Figure 3 we present a series of plots showing the frequencies of the g, f and p 1 -modes considering quadrupolar perturbations ( = 2) as a function of the compact object's mass for different EoSes. The frequencies are shown with lines for purely hadronic stars and with open circles for stars with pure quark matter in their cores. The different colors indicate the different EoSes used in panels (a) and (b); (c) and (d) and (e) and (f). We found that for some of our EoSes, only an extremely short branch of connected quark-hybrid stars exists (∆M ∼ 10 −2 − 10 −3 M ). For this reason only the g-mode frequency corresponding to the last stable star of this family is plotted.
For different hybrid EoSes constructed using the hadronic DD2 parametrization, we show in panel (a) the frequencies of the g and f -modes as functions of the stellar mass. For comparison, in black we show the results obtained with the purely hadronic EoS. We can see that the appearance of quark matter in the core of a compact object produces a decrease in the mass of the most massive star. This effect is more evident when color superconductivity is taken into account. In this case, the most massive quark-hybrid star is ∼ 0.3M less massive than the most massive hadronic star. For the other cases analyzed (without color superconductivity) this effect is less noticeable. Another effect of color superconductivity is to produce an increase in the frequencies of the f -modes. For the most massive quarkhybrid star this increase is ∼ 25 %. In panel (b) we show the results for the p 1 -mode, which are qualitatively similar, but the relative increase in the frequencies is smaller than for the f -modes (∼ 5 % for the most massive star with color superconductivity).
In panels (c) and (d), we show the same results as in panels (a) and (b), but using the hadronic GM1(L) EoS. The qualitative results are similar to those obtained using the DD2 hadronic EoS. However, the differences between the frequencies of the f -mode in stars with pure quark matter cores as well as the decrease in the mass of the most massive quark-hybrid stellar model are less noticeable. In the case of the p 1 -mode, the effects are qualitatively similar, but there is a degeneracy (in the sense that stars constructed with the same quark EoS but different sets of parameters have the same p 1 oscillation frequency for a given mass) that could be broken if precise observations of f and g-modes were available for high-mass compact objects.
In panels (e) and (f) the hadronic EoS used is the NL3 parametrization. Beside the onset of the g-modes, it can be seen that the appearance of quark matter in the cores of these quark-hybrid stars produces an increase (for a fixed mass) of the f and p 1 -modes frequencies. In the case of the f -mode, both the FCM and the 2SC+s quark EoSes produce a significant increase in the frequencies. For the most massive quark-hybrid star (with a mass 0.6M smaller than the most massive hadronic star) such increase is ∼ 30%. On the contrary, in the case of the p 1 -mode, the change in the frequency for the quark-hybrid EoS constructed with Table 1, Table 2 and Table 3 .
the FMC is not as noticeable (∼ 3 % for the most massive star) as in the case in which color superconductivity is considered (∼ 10 % for the most massive star). ∆ε/ε trans Summarizing, the detection of GWs from isolated high-mass neutron stars could be a powerful tool to discern between different EoSes compatible with the 2M limit imposed by observations. It can be seen that for a given stellar mass, for stars constructed using GM1(L) EoS, the frequencies of f and p 1 -modes are greater than for those constructed with DD2 EoS. For stars constructed with the NL3 EoS, the frequencies are smaller. This situation changes slightly for high-mass quark-hybrid stars (see, for example, panel (d) of Figure 3 . This possible degeneration shown in Figure 3, panel (d) , would be broken if g-modes are detected. Figure 1 for different mixing length parameter values. The effect of increasing the value of this parameter is a rise in the frequencies of the p 1 -mode for low mass stars and the same for the f -mode but for high-mass stars. These effects are more evident for b = 3.
Another important result of our work is the correlation of the decimal logarithm of the g-mode frequencies and the quotient between the quark-hadron energy gap and energy density at the transition, x CSS ≡ ∆ / trans , one of the parameters of the constant speed of sound (CSS) parameterization for quark matter [63] . Short Name FCM parameters
In Figure 4 we show the frequencies of the g-modes obtained for the different hybrid EoSes as a function of x CSS . Moreover, the fitting function, y fit = c 1 log(x CSS )+c 2 , is also indicated with black solid line. The fitted parameters are c 1 = 0.454±0.031 and c 2 = 0.235±0.023. The root mean square of residuals for the fit is R rms = 0.048 showing a strong correlation between these quantities. A correlation between the g-modes frequencies and the parameter x CSS could be expected because these modes are suppressed in continuous EoSes. However, the fact that such a good fit is obtained using a simple function is an interesting result. The wide range of hybrid EoSes used in this work, suggests that the obtained relationship is of universal nature. Such relationship could be used to better understand the behaviour of matter inside compact objects. After a detection of a g-mode, it could be possible to infer the existence of a sharp phase transition inside the star and also deduce a value for one of the CSS parameters (x CSS ). This information would be used to constrain the hybrid EoSes. If the existence of a mixed phase is considered using our heuristic model, families of compact objects with lower maximum masses are obtained. This effect is enhanced for larger values of the b parameter. Regarding the oscillation modes, the mixed phase inhibits the excitation of g-modes since the resulting interpolated EoS do not present discontinuities. The general result for the f -mode is that their frequencies increase with the b value. For stars with masses greater than ∼ 1.8M , the changes in the frequencies for different values of the b parameter become significant (∼ 10 % for the most massive hybrid star constructed using b = 3). For b = 1 this effect is not relevant for any compact-object mass.
In Figure 5 , we show these effects for representative cases (see caption for details). In the right panel, we show the effect on the f -modes, comparing the results obtained for phase transitions constructed using Maxwell formalism (b = 0) with the ones obtained using b = 1 and b = 3. In the left panel we do the same comparison for the p 1 -mode. A particular feature is observed when color superconductivity is considered. Neutron stars with masses grater than ∼ 1.8M present smaller p 1 -mode frequencies than the ones obtained using Maxwell construction (for the case in which b = 3, the difference is ∼ 4 % for the most massive star).
We have also performed calculations using the NLNJL model. For this quark EoS, it has been shown, using the NL3 hadronic EoS, that it is impossible to construct quark-hybrid stars because the appearance of quark matter in their inner core destabilises the star [34] . We found the same behaviour for the other two hadronic EoSes used in this paper. This suggests that the detection of g-modes might be used to discard NLNJL as a possible EoS to describe quark matter if a sharp phase transition inside hybrid stars exist. When the existence of a mixed phase is considered, our calculations show that very accurate observations of the oscillation modes would be needed to distinguish between the LNJL and NLNJL models because only slight changes in the frequencies of f and p 1 -modes are observed (see Figure 6 , as an illustration of this general result). Table 2 and Table 4 for details of the free parameters of the quark EoSes).
Summary and Discussion
NeStOR working alongside with CFK allow us to study and analyze quadrupolar stellar oscillations of hybrid compact stars within the relativistic Cowling approximation.
We have used three different EoSes to describe the hadronic phase: the relativistic mean-field model using the NL3 classical parametrization, the DD2 parametrization, in which density-dependent coupling constants are included, and a modified GM1 parameterization in which a density-dependent isovector meson-baryon coupling constant is included. For the description of the quark phase, several EoSes have been used: LNJL, NLNJL and FCM effective models. In the LNJL case, color superconductivity in the 2SC+s phase has been included. To construct the phase transition, we have used the Maxwell construction and a heuristic approach to study the mixed phase in which hadrons and quarks co-exists. In all cases, the free parameters of these EoSes combination have been chosen to be consistent with the observed 2M mass limit for neutron stars.
We have found the frequencies of the g, f and p 1 -modes for a large number of hybrid EoSes. The three families of modes could be easily differentiated from an observational point of view. Although their frequencies are sensitive to differences in the hybrid stars composition, there exist an overlapping between the curves for different EoSes, specially in that cases of the fundamental and first pressure modes for stars with masses below 1.8M . The fact that this degeneracy is not present in the g-modes, makes them a tool that could shed some light into determining the nature of the NSs EoS.
Using the CFK code, we have obtained the frequencies of the g-modes produced by the existence of a sharp discontinuity in some of our EoSes. The values for these frequen-cies are between ∼ 0.5 kHz and ∼ 1.5 kHz. It is important to note that there are several physical phenomena (thermal effects, chemical gradients in the outer part of compact stars, stellar rotation or magnetic fields) that could produce an overlap with the g-modes that we have found. However, the frequencies of g-modes associated with thermal effects, chemical gradients in the outer part of compact stars or f -modes modified by rotation or magnetic fields have frequencies which are systematically lower than 1 kHz [64] [65] [66] [67] [68] . For this reason, we suggest that future observations of g-mode GW emission in the range 1 kHz -1.5 kHz could indicate the presence of pure quark matter in the inner core of neutron stars, that is, an evidence of the existence of quark-hybrid stars.
For stars with masses above ∼ 1M , the effects of a mixed phase are not evident for p 1 -modes. In addition, in the case of the fundamental mode, for compact stars with masses above ∼ 1.8M , minor changes appear (for most of the EoSes used in this work). These facts suggest that the detection of oscillation modes would not be a useful tool to draw any conclusion about the breadth of the mixed phase. On the other hand, when color superconductivity is considered, the frequencies of the p 1 -modes decrease for compact stars with masses above ∼ 1.8M . It may be interesting to analyze how our results are affected when the mixed phase is constructed using the full Gibbs formalism instead of the heuristic model used in this work.
The results obtained for the behaviour of the g-modes frequency as a function of the x CSS parameter allow us to highlight the virtues of GW analysis as an important tool to understand the internal composition of compact objects. We found a very good matching in the fitting between the logarithm of the frequency of this mode and x CSS . Although some correlation between this two quantities was expected to exist, since the g-modes are only present when an energy gap, ∆ , in the hybrid EoS occurs, the result obtained is promising. This correlation could be used to better understand the behaviour of matter inside compact objects.
Pulsating compact objects might produce a rich spectrum of GWs beyond the frequency modes studied in this paper. Although the EoSes used in this work cover a broad range of modern theoretical EoSes able to reproduce the 2M observations, the conclusions drawn in this work might have to be revised if compact stars constructed with other EoSes emit GWs in the same frequencies than the obtained in our calculations. Nevertheless, the conclusion regarding the fact that g-mode GW emission with frequencies in the range of 1.0 − 1.5kHz should be interpreted as emitting hybrid stars with pure quark matter in their cores and the presence of a sharp phase transition between quark and hadronic matter, should remain valid.
